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We present a reduction theorem for the class of all finite 3-connected graphs which
does not make use of the traditional contraction of certain connected subgraphs.
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Contractible edges play an important role in the theory of 3-connected
graphs. Besides the famous wheel theorem of Tutte, there are many results
on the existence of contractible edges in subclasses of k-connected graphs,
on their number, and on their distribution [13, 58].
We start with some definitions and notation: V(G) denotes the vertex
set, E(G) the edge set of the finite graph G. Let |G| :=|V(G)|. An edge
between the vertices x and y will be written as [x, y]. As is usual in the
context of vertex connectivity we do not allow a graph to have loops or
multiple edges. For all XV(G) we define NG(X) :=[ y # V(G)&X: there
exists an x # X with [x, y] # E(G)]. Furthermore, let X :=V(G)&(X _ NG(X)),
NG(x) :=NG([x]) for all x # V(G). A wheel is a graph formed by a chordless
cycle and one further vertex which is adjacent to all vertices of the cycle.
We say that TV(G) separates XV(G) if X&T intersects at least
two components of G&T. }(G) :=min([ |T |: TV(G) separates V(G)] _
[ |G|&1]) defines the vertex connectivity of G. A set of }(G) vertices which
separates G will be called a smallest separating set of G. The set of all
smallest separating sets will be denoted by TG . Without any further
reference we use the fact that T # TG separates T $ # TG if and only if T $
separates T.
Let S be a set of subsets of V(G). Let T # TG and suppose ST for
some S # S. The union of at least one but not of all components of G&T
is called a T&S-fragment of G. An S-fragment is a T&S-fragment for
some T # TG . For example, F is a T&S-fragment if and only if F is a
T&S-fragment. An inclusion minimal S-fragment is called an S-end ; an
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S-fragment of minimum cardinality is called an S-atom of G. A T&S-end
B is an S-end with N(B)=T ; a T&S-atom A is an S-atom with N(A)=T.
In the case S=[<] we omit S in the text.
These concepts were introduced by Mader in [5]. He also discovered the
following properties of fragments, ends, and atoms.
Lemma 1. [5]. Let F be a T-fragment and F $ be a T $-fragment with
F & F ${<. Then |F & T $||F $ & T |.
If equality holds then F & F $ is a fragment. In particular, F & F $, and
F & F $ are both fragments if and only if they are both nonempty.
Lemma 2. [5]. Let B be a TB&S-end of a graph G, S # S and T # TG
satisfying ST&B and T & B{<. Then one of the following holds.
1. BT 7 |B|}(G)2 or
2. B T or
3. FTB 7 |F |<}(G)2 for some T-fragment F.
If, in particular, B is an S-atom then 1 holds.
Our first reduction theorem makes use of triangle contraction, but, as we
will see later, we can omit this operation.
Theorem 1. Let G be a noncomplete 3-connected graph. Then one of the
following statements is true.
1. There is a pair of nonadjacent vertices whose identification yields
again a 3-connected graph.
2. There is a triangle whose edge neighborhood (i.e., the set of edges
incident with it) consists of three independent edges.
3. G is a wheel or one of the following seven exceptions:
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As we shall see in Lemma 3, the contraction of a triangle as in 2 does
not touch the connectivity properties too much.
Proof. We assume that and 1, 2, and 3 are not true and obtain a
contradiction.
We shall need the following concept. A sequence x, a0 , a1 , ..., an , an+1 of
distinct vertices with edges [ai&1 , ai], i # [1, ..., n+1], [x, ai], i # [1, ..., n],
is called a partial wheel of length n, if n2 and a1 , ..., an all have degree 3
in G.
First, assume that G contains a T1 -fragment F1 , of cardinality 2, say
F1=[a, b]. We shall see that under this assumption G contains a partial
wheel of length 2.
If there are exactly five edges between F1 and T1 then there is exactly one
pair ( f, t) of nonadjacent vertices in F1_T1 . Without loss of generality,
f =a, so N(a)=[b] _ T1&[t] and N(b)=[a] _ T1 . Since 1 is not true,
there exists a T # T containing a, t. By N(a)&T[b] _ N(b) we obtain
b # T and thus T=[a, b, t], which is impossible. For a future reference we
keep
The edge neighborhood of a fragment F1 of cardinality 2 (1)
contains exactly four or exactly six edges.
If there are at most four edges connecting F1 and T1 then the vertices of
F1 _ T1 form a partial wheel.
Assume that there exist all six possible edges between F1 _ T1 . Since 1
is not true, for each c # F1 there is a T # T containing c and intersecting F1 ,
and hence T=[c] _ F1 ; by Lemma 1, F & F1{< for some T-fragment F
implies |F & T1 ||F1 & T |=2. Hence for any T-fragment F either F & F1
=< 7 |F |=1 or F & F1=< 7 |F |=1. This implies that each c # F1 has a
neighbor of degree 3 in T1 and thus |F1 |3. |F1 |=3 implies that F1
induces a triangle as in 2 which is absurd. If |F1 |=2 then there are at most
four edges connecting T1 and F1 ; thus, the vertices of F1 _ T1 form a
partial wheel of length 2. Finally, if |F1 |=1 then T1 contains at least one
vertex of degree 3, and hence G must be one of the exceptions H$1 , H$2 , H$3 .
So far we have proved that
if |F |=2 for some fragment F then G possesses a partial wheel. (2)
Now suppose that there does exist a partial wheel. Then there exists one of
maximum length n, say x, a0 , ..., an+1 , n2. Set F1 :=[a1 , ..., an] and
T1 :=N(F1)=[a0 , x, an+1]. If F1=<, then G has to be a wheel. Thus we
may assume that F1 is a fragment. We shall see that n=2; for if n3
then any T # T which contains a2 has to contain x, too; consider a
TA&[[a2 , b]: b # F1]-atom A; since [a0 , a1]A or [an , an+1]A, we
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have |A|2. It follows that A & F1=< by Lemma 2 and therefore either
A&F1=[a0] or A&F1=[an+1]; but denoting the vertex in TA & F1 by
a&1n+2 we obtain that either x, a&1n+2 , a0 , ..., an+1 or x, a0 , ..., an+1 ,
a&1n+2 is a partial wheel, too, which is impossible by the choice of n. Thus
we may assume that
G possesses no partial wheel of length exceeding 2. (3)
Now consider a partial wheel x, a0 , a1 , a2 , a3 of length 2. Set F1 :=
[a1 , a2]. Again, F1{<. Let
S :=[[a1 , b]: b # F1].
Since 1 is not true, every S # S is contained in some T # T. Note that it
never happens that F1 T for some T containing an S # S (for otherwise
there would be a T-fragment F containing x; since a0 , a3 # F , it follows
that F & F1=< (for otherwise Lemma 1 would imply 1=|F & T1 |
|F1 & T |= |F1 |=2); hence F=[x] and F _ F1 induces a triangle as in 2,
which is impossible).
There exists a TB&S-end B with a0 # B , since N(a1)&[a0] induces a
K2 in G. Note that, by the above remark, a2 # B.
Assume for a while that there exists some b # B & F1. Then [a1 , b] # S
and thus there is a T # T with a1 , b # T. By Lemma 2, BT 7 |B|=1 or
B T or FTB 7 |F |=1 for some T-fragment F. The first case does not
happen, since |B||B & F1 |+|B & T1 |1+1; the second case does not
happen, since it would imply that B =[a0] and T=[a0 , a1 , b], which is
impossible, since N(a1)&T cannot consist of the adjacent vertices x, a2 ;
the third case does not occur, since it implies that FT1but F{[a0]
(since b # T & B), and F{[x], [a3] (since a2  T ).
It follows that B & F1=<.
If B & T1=[a3] then x # TB , since a2 # B. Let a4 be the vertex in
TB & F1 ; then x, a0 , a1 , a2 , a3 , a4 is a partial wheel, contradicting (3). If
B & T1=[x] then a3 # TB , since a2 # B; since there is no triangle as in 2,
there must be an edge between x and a3 ; but then there are exactly five
edges between B and TB , namely [a2 , a1], [a2 , a3], [x, a1], [x, a3], and
[x, c], where c denotes the vertex in TB & F1, which contradicts (1).
Thus we may assume that |B & T1 |=2. Then B=[x, a2 , a3] and
TB=[a1 , c, d] for some c{d in F1. Since B is an S-end, it follows that
N(c) & B=N(d ) & B=[x, a3], for otherwise B&N(c) or B&N(d ) would
be an S-fragment properly contained in B, which is impossible.
If, on the one hand, B & F1=< then G is a supergraph of the following
graph:
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There is no edge between x and a3 , for otherwise G&[a2 , c] would be
2-connected, contradicting 1. Thus G must be the graph H$4 or the graph H$5 .
If, on the other hand, B & F1{< then there exists a T # T containing
a2 and some b # B & F1 (so TB separates T ). It follows that x # T, since T
separates TB . Let F be a T-fragment containing a3 . Then c, d # F and
a1 , a0 # F , and, consequently, N([x, a2]) & F =[a1]; this implies that [b, a1]
separates G, which is absurd.
By (3) it follows that G does not contain a partial wheel of any length. By (2),
G contains no fragment of cardinality 2. (4)
Now assume that there exists a minimum T1-fragment F1 satisfying |F1 |3
and |F1|3. Then any vertex in T1 has at least two neighbors in F1 . Set
S$ :=[[a, b]: a # F1 , b # F1].
Assume that there is a T&S$-fragment F such that F0 :=F & F1 is a
fragment and set T0 :=N(F0). Then F0 is a T0-fragment of cardinality 1 by
choice of F1 . If T1 and T do not intersect then either |T & F1 |=2 or
|T & F1|=2. In the first case it follows that |F1 & T |=|F & T1 |=1 and
thus |F |=2; in the latter case it follows |F1 & T |=|F & T1 |=1 and thus
|F1 |=2, which are both impossible by (4). Thus, T1 and T do intersect and
hence F $0 :=F1 & F is a fragment of cardinality 1 by choice of F1 . Let
F1=[a, t, a$], where F0=[a], F $0 :=[a$], and F1 & T=[t]. Let T1=
[x, y, x$] with x, y # N(F0) and x$, y # N(F $0). Since x, y both have at least
two neighbors in F1 , x, y # N(t). Since x, a$ are not adjacent, there must
be a T* # T containing them. Let F* be a T*-fragment intersecting F1 .
Since |N(X) _ [x, a$]|4 for all three sets XF1&[a$]=[a, t], X{<,
we obtain F*3 F1 and thus T* & F1{< (hence T1 separates T*). Therefore
T* separates T1 , which is impossible, since (F1 _ T1)&T*=[a, t, y, x$] is
connected.
Thus, for any T&S$-fragment F, F & F1 , is not a fragment. Choose b # F1
and take an a # F1. Take a T # T containing [a, b]. Then F0 :=F & F1 {<
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for a certain T-fragment F. Since F0 is not a fragment, we conclude
that |N(F0)|>3, and, therefore, |F & T1 |= |F1 & T |=2 and |F & T1 |=
|F1 & T |=1; it follows that F & F1=<. Since F & F1 is not a fragment, we
have F & F1=<. Therefore, F T1 consists of a single vertex. Since b has
been chosen arbitrarily, it follows that any vertex in F1 has a neighbor of
degree 3 in T1 . Since any vertex in T1 has two neighbors in F1 and since
|F1|3, it follows that F1 induces a triangle as in 2, a contradiction.
Thus we have proved that there cannot exist a fragment F1 with |F1 |3
and |F1|3. By (4) it follows that
|F |=1 or |F |=1 for each fragment F. (5)
This implies that any two nonadjacent vertices have a common neighbor of
degree 3 in G. Let x be an arbitrary vertex of degree 3. Then |[x]|6 by (5).
If |[x]|=1 then G must be a wheel on five vertices. Thus we may assume
|[x] |3. By (4), all vertices of N(x) have at least two neighbors in [x].
Assume that x is contained in a triangle. Then at most one vertex in
N(x) has degree 3 and thus |[x] |2, a contradiction. This proves that no
triangle in G contains a vertex of degree 3.
Assume that x has a neighbor y of degree at least four. There exists a
z # N(x) of degree 3 satisfying |N( y) & N(z) & [x]|=2 and therefore there
exists a w # (N( y) & [x])&N(z). w and z have a common neighbor of degree
3 by (5); such a neighbor is in N( y) and therefore forms a triangle together
with y and w, which is impossible as we have seen in the latter paragraph.
Thus G is triangle-free and 3-regular. |[x]| # [3, 5] is impossible, since
G is 3-regular. If |[x]|=6 then it is easy to see that G must be the Petersen
graph H$7 . Thus, |[x]|=4. If y{z in N(x) satisfies N( y) & N(z) & [x]{<
then |N( y) & N(z) & [x]|=1 by (4). Using this it is easy to see that G must
be the graph H$6 . K
We shall now see that one can omit 2 in Theorem 1 at the expense of
three further exceptional graphs. The following lemma describes the smallest
separating sets of a graph obtained from a 3-connected graph by contracting
a triangle as in 2 of Theorem 1.
Lemma 3. Let G be a graph of connectivity 3. Let D be a triangle in G
whose edge neighborhood consists of three independent edges, and let G&
arise from G by contracting D to a single vertex x. Then }(G&)=3 and
TG&= _
[
[
T
(T&D) _ [x]
:
:
T # TG 7 |T & D|=0]
T # TG 7 |T & D|=1 7 |T & NG(D)|{2].
Proof. We can easily verify our assertion if G& is a complete graph
(and thus a K4). Since x has degree 3, we have }(G&)3.
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First, we prove }(G&)=3 and ‘‘.’’ Let T& # TG& {<. If, on the one
hand, x  T& then T& separates G. It follows that 3}(G&)=|T&|
}(G&)=3, and, consequently, T& # TG (and |T& & D|=0). If, on the other
hand, x # T& then T $ :=(T&&[x]) _ D separates G. Take a separator T
of G contained in T $ and separating two vertices in V(G)&D such that |T |
becomes as small as possible. |T & D|=3 is impossible since any vertex in
T must have at least two neighbors in V(G)&T. |T & D|=2 implies that
G&T has precisely two components, each of which contains vertices of
V(G)&D, and one of which contains the vertex in D&T; it is then easy to
see that (T&D) _ (D&T ) separates two vertices of V(G)&D, contra-
dicting the choice of T. Therefore, |T & D|1, which implies 3=}(G)|T |=
|T & D|+|T&D|1+|T $&D|=1+|T&&[x] |}(G&)3, and thus
|T |=|T&|=}(G&)=3, |T & D|=1. By (T&D) _ [x](T $&D) _ [x]
=T& it follows that 3|(T&D) _ [x]|3, and thus T&=(T&D) _ [x].
Again, G&T has exactly two components, each of which contains vertices
of V(G)&D; therefore, |T & NG(D)|=2 implies that T&D separates G (a
contradiction). This proves ‘‘’’ and }(G&)=3.
For proving ‘‘$’’ take T # TG . If |D & T |=0 then T separates G&,
and, since }(G&)=3, T # TG& . If |D & T |=1 and |T & NG(D)|{2 then
T&D has exactly two components, each of which contains vertices of
V(G)&D; thus, T& :=(T&D) _ [x] separates G&, and, since }(G&)=3,
T& # TG& . K
Let G, G& and D, x be as in Lemma 3. For abbreviation in the proof of
our main result we say that G is a 2-replacement of G& at x.
Theorem 2. Every noncomplete 3-connected graph neither isomorphic to
a wheel nor isomorphic to one of the 10 graphs H$1 , ..., H$10 below contains a
pair of nonadjacent vertices whose identification yields a 3-connected graph:
Proof. Assume that there exists a noncomplete graph G where any two
nonadjacent vertices are contained in a smallest separating set and which
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is not isomorphic to one of the exceptional graphs, i.e., the wheels and the
graphs H $1 , ..., H$10 . Choose G such that |G| becomes as small as possible.
By Theorem 1, G contains a triangle D whose edge neighborhood
consists of three independent edges. Let G& arise from G by contracting D
to a single vertex x.
By Lemma 3, G& is 3-connected.
Take two distinct nonadjacent vertices y, z # V(G&)&[x]. There exists a
T # TG containing y, z. If T & D=<, then T # TG& , too. If T & D{<, then
|T & D|=1 since y, z # T&D; if |T & NG(D)|{2, then y, z # (T&D) _ [x]
# TG& by Lemma 3, and if |T & NG(D)|=2 then y, z # NG&(x) # TG& .
Therefore, any two nonadjacent vertices in V(G&)&[x] are contained in
a smallest separating set of G&.
Take y # V(G&)&[x] nonadjacent to x in G&. Take an arbitrary vertex
z # D. Clearly, z is nonadjacent to y in G. There exists a T # TG containing
y, z. Assume |T & D|=2; then there is a component of G&T consisting of
the vertex in D&T (for otherwise (T&D) _ (D&T ) would separate G,
contradicting }(G)3); thus, y # NG(D) and therefore y # NG&(x), a
contradiction. Therefore, |T & D|=1. If |T & NG(D)|=2 then it follows,
again, that y # NG(D) and thus y # NG&(x), a contradiction. Therefore,
x, y # (T&D) _ [x] # TG& .
It follows that any two nonadjacent vertices of G& are contained in a
smallest separating set of G&.
By choice of G, G is a 2-replacement of an exceptional graph. (Note that
if G is a 2-replacement of a complete graph then it must be a 2-replacement
of a K4 , which is an exceptional graph as well.)
This is absurd, since any 2-replacement of an exceptional graph is either
an exceptional graph or contains two nonadjacent vertices which are not
contained in a smallest separating set.
This fact can be verified using the following diagram (explanation below):
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An arrow between two graphs indicates that the right hand graph is a
2-replacement of the left hand graph. For a left hand graph, equivalent
vertices of degree 3 (i.e., vertices which can be mapped to each other by a
certain graph automorphism) are surrounded by a dashed closed curve.
Since the 2-replacements at equivalent vertices are isomorphic, it suffices to
consider only one representative of each class of equivalent vertices. If all
vertices of degree 3 of some left hand graph are equivalent, we omit the
dashed curve.
In some of the right hand graph’s realiziations there are two nonadjacent
‘‘blank’’ vertices with all incident edges displayed as dotted lines; it is easy
to verify that the graphs formed by the remaining ‘‘solid’’ edges and vertices
are 2-connected in any case; this implies that these right hand graphs
contain two nonadjacent vertices (namely the ‘‘blank’’ ones), which are not
contained in a smallest separating set.
A right hand graph without ‘‘blank’’ vertices (such as H$8 , H$9 and H$10)
does not contain such a pair of vertices, which can be easily verified. K
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